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Some useful formulae for Relativity

Special relativity

Proper time: (AT)* = — (As)?
Time dilation: At = yAT, where v = \/11:)7
Lorentz contraction: =1l

. ay . . E_{_v
Velocity composition law: w = 5=

Lorentz transformations

For a frame moving with velocity v in the z direction:

Inverse:
Lorentz 4-vectors
4-velocity:
— (1,0,0,0)
MCRF
— (7, 0%, yo¥, yv?)

4-momentum: p = mﬁ ——+ (E,p*, p¥, p*)
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Tensor analysis in special relativity

Metric tensor: aff ag = Nap
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Perfect fluids

4-vector flux: N = nff)
Conservation of particles: NG =0
p 0
- . af p
Stress-energy tensor: (T ) e »
0 p

ie. T = (p+p)UUP + pn*?
Conservation of 4-momentum: T%ﬂ =0

General relativity

Christoffel symbols: Fg“ = % 9% (Gapp + Gaup — 9Bu.a)
rhy=TH
TLuap = 5 (Juos T Gusie — o)

Covariant differentiation: Vi =Vg5+TV¥

Parallel transport of 7 along 7: U# Vi=0

Geodesic: o (%) + Fﬁﬁ%ﬁ% =0

Reimann curvature tensor: G = LG, — T8, t 108 —T5.T5,
Raﬁ,uu = gaARb\p,u

Bianchi identities: Ropuvis + Ropopsy + Rapuryy =0

Ricci tensor: Rop = Rl

Ricci scalar: R =g"R,,

Einstein tensor: G*# = R*F — 2¢g*FR

Einstein field equations: GoP = §nTF

Schwarzschild radius: rs = 2GM/c?

Metric tensors
Interval: ds? = gnpdz*dzP :
Schwarzschild metric: ds? = — (120} df? + (1 - 220) 7 @2 4 1 (d6® + sin® 0?)
Robertson-Walker metric: ds? = —dt? + R(t)? [137,”;2 + 72 (d92 + sin? 9dq§2)]

Other things

Uncertainty Principle: Ap=f#/r



Useful constants, units, and formulae:

Gravitational constant G
Speed of light c
Planck constant h
Boltzmann constant k
Stefan-Boltzmann constant o
Solar mass Mg
Solar radius Ro
Earth mass Mg,
Equatorial radius of Earth Rg
Mass of moon ‘ M roon
Astronomical unit AU
Parsec pc
Hubble’s constant Hy
Distance modulus m —
Apparent magnitude mg —

For small recession velocities

Il

I

M
m

v/c

6.67 x 107 N m? kg2
3.00 x 108 ms!

6.63 x 1073 Js

1.38 x 1072 JK!
567 x 1078 Wm?2K™*
1.99 x 10% kg

6.96 x 108 m

598 x 10%* kg

6.33 x 106 m

73 x 1022 kg

1.50 x 10! m

3.09 x 10 m

70 km s~! Mpc™!

= 5logd—5 (din pc)
pit

2.5 log a

= AN



Question 1

A particle of rest mass m and four-momentum 7 moves

along in the z direction in soniigjrame. It is observed by an observer O who moves along the
x direction with four-velocity Ueps.

(a) Write down the four-velocity and the four-momentum of the particle in O’s frame and
hence show that the energy of the particle as measured by observer O is

E = _?-7@5

(b) Show that the rest mass observer O attributes to the particle is

m=(-7.7)"*

(c) Show that the ordinary momentum (i.e. the x component of the particle’s four-momentum)

the observer @ measures is 12
2
77+ (7 Uw)

(d) Show that the ordinary velocity the observer measures is

1/2



Question 2

(a) State the equivalence principle (in both weak and strong forms). Explain what you un-
derstand by a freely falling frame.

(b) The metric tensor for a reference frame undergoing constant acceleration, a, can be ex-
pressed as (taking ¢ = 1)

—(1=az)® 0 0 0)

_ 0 100
Juw = 0 010
0 0 01

Show that the only non-zero values of the Christoffel symbols for this metric are

[ = a(l + ac)

and
a

% =T% = ———
10 01 (1—}—(1:13)

(c) Using the results of part (b) above, show that the geodesic equations are
i+a(l+az)i?=0
and

(1 + az)t + 2att = 0

(d) Briefly comment on what happens if you take the limit of a — 0 in the geodesic equations
above. How might this be interpreted?



Question 3

(a) Show that the metric for the surface of a sphere of fixed radius r, expressed in polar
co-ordinates, has non-zero components:

. r? 0
JoB =\ 0 r2sin?0

(b) Calculate all non-zero values of the Christoffel symbols I', ; for the metric in part (a).
(c) Hence calculate the Riemann curvature tensor component Rggp, for the metric in part (a).

(d) Using the symmetry properties of the Riemann tensor, show that for a sphere, all other
components can be deduced from from Rgyge.



Question 4

(a)

(d)

For an object in orbit at a radius r around the neutral non-rotating black hole, prove that

1/2
r=m{1:i:<l—%> }
Ty

where g is the Schwarzschild radius, 7; = J2/c?ry and J is the angular momentum per
unit mass. Hence show that the value of the smallest possible stable orbit occurs when
rg =17y / 3.

Derive an expression for the tangential velocity of the object orbiting at rm;,. Hence
derive an expression for the period of the orbit, as measured by a local observer at rest.

If orbiting matter is falling onto the neutral non-rotating black hole, derive an expression
for the fraction of the rest mass converted into energy.

Assume a black hole is to deliver a power output of 102 Watts and the total amount of
mass available for consumption is equal to 10 percent of the mass of the galaxy in which
the black hole resides. Calculate the expected lifetime of the power output. [Take the
mass of the galaxy to be 10! solar masses and one solar mass as 2 x 10%° kg].



