Qu_l.
a) O=p+iaqg and P = (p—iaq)/2ia SO

1 1
[0,P] =ia x %-1(—5) =1

b) Find F,(¢,P). Need p = p(¢,P) and O = Q(¢,P).

Q=p+iaq (1
2iaP = p —iaq (2)
(1)-(2) gives

Q -2iaP =2iag = Q =2ia(P+q) 3)

then

p=0-iaq=2ia(P +q)—-iaq = ia(2P + q) 4)

F, = [ pa.P)dg + f(P) F, = [ 0(g.P)dP+g(9)
=ia[ 2P +q)dg+ f(P) = 2ia [ (P +q)dg + (@)
~ia(2Pg+1q?)+ f(P) =ia(P* +2Pq) + 8(q)

comparing

Fy(q.P) =ia(q” +2qP + P°)

¢) Note that 2iaPQ = (p —iaq)(p +iaq) = p* +a°q’, s0
H=4%(p’+a’q’) =K(Q.P) = iaPQ

d) 0=90K/dP =iaQ and P =-0K/dQ = -iaP

e) Solutions are Q(t) = Qe and P(t) = Pe ™

d ad d
f) Chainrule du= E(a—u dqg + —udp) + a—b;dt
q

d d d d JudoH oJudH) 0 dJ
_”=E _uq+_up _,__u:E ouon ouon +—u=[u,H]+—u
dt dqg  dp dqg op dp dq ) Ot ot

g) Then ¢ = [q,H] and p= [p,H]



Qu_2. Let x =a + b then the translational kinetic energy is 1;,, = %()’CZ +x°¢%). When ¢
goes from zero to some non-zero value, the small sphere rotates thru an angle of ¢ + 6 with

respect to the vertical line, hence is rotation rate @ = 6 + ¢ . The rotational kinetic energy is

2ma’(@+¢)° and V=mgxcos¢

d(JdL) oL
Lagrange’s equations —|—=|-—= Ea,.,)u,
dr\dq;) oq; 4

Constraints: dx =0 small sphere remains attached
bdg —ad6 =0 no slipping

L=1m(&*+ x’¢*) + Lma’ (0 + §)* — mgxcos¢

Xx: %(mjc)—(m)abz—mgcosqb)=)\,1 (1)

¢ %(mxz(i) +2ma’(0+ ¢)) — (mgxsing) = bA, (2)

0: i(l ma*(0 + ¢)) =-al 3)
dt 5 2

from (2) and (3)

mx’g+2ma* (0 + @) - mgxsing = =22 ma*(6 + )
but bdg —adf =0 implies 6 =2 ¢ so that a*(H + ¢) = a(a + b)¢
mx’$ + 2ma(a +b)* ¢ — mgxsing =0
but x =a+b,so mxd + 2 mxd — mgsing = 0 = Zmx¢ - mgsing =0

multiply thru by qb and integrate with respect to time

%{%mx%d)2+mgcos¢}=0 SO Zx¢’ +gcosp=C

Initial conditions are ¢ =0, ¢ =0 so ¢ = %(1 —Cos ¢)
X

From (1) A, = mgcos ¢ — mxg’ =%(17c0s¢—10). So A, =0, when cos¢ =12,



