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FORMULA SHEET

Euler-Lagrange equations

d(aL) aL m

dt aq, - aq, = ~ A/a" = Q,

Polar coordinates

Spherical polar coordinates

x = rsinOcoslj>

y = rsinOsinlj>

z = rcosO

Canonical Transformations

2) F2(q,P,t)

3) F,(p,Q,t)

Poisson Bracket

aF; p =_ aFl K = H + aF;p=-
, aq, ' aQ, at

aF2 Q = aF2 K=H+ aF2p=-
, aq, ' ap at,

aF, p =_ aF, K=H+ aF,q,=--
ap, ' aQ, at

aF. Q = aF. K=H + aF.q,=--
ap, ' ap at,

[u v] = ~(!!!-!!.--!!!-!!.-)
, q,p .of aq, ap, ap, aq,

Hamilton-Jacobi Theory

Canonical transformation to

New Hamiltonian

New equations of motion

H(q,p,t)

Q p
" '

K=O

. aK
Q=-=O, ap,
. aK
P=--=O
, aQ,

H(q,p) = constant

P, (constant of motion)

K = H(P,) = at

. aK
Q=-=v., ap ,,
. aK
P=--=O

, aQ,



With solutions Q = (3 P, = Yi Q =vt+ f3 P, = Y,, " I • "

Generating Function Hamilton's Principle Hamilton's Characteristic
S(q,P,t) W(q,P)

( as ) as H(q aW)_a =0Hq-t +-=0
"a' a I' a 1

Hamilton-Jacobi equation qi t q,

New constant momenta Pi = Yi(a" ... ,a.) Pi = Y,(a" ... ,a.)

(one choice) Yi =a j Yi =aj

Hamilton-Jacobi solution S = S(qi,y"t) W =W(qi'Y)

as aw
First half of transformation p=- p,=-

, aq, aq,
as aw

Second half of transformation Q=-={3. Qi=-=V(y.)t+{3
'a ' a I } I

Yi Y,

Action-angle Variables
I=,f.d =,f. aW,(q"ap--.,a.) d ., ~p, q, ~ a q,

qi

aw
W.=-

, aI,

Euler-Lagrange equation for fields

Mathematical identities

a£ _!!....(a£) _!!...( a£ ) = 0
aT] dt aT] dx a(aT]1ax)

sin2 Q + cos2 Q = I

1+ cos2ep = 2cos2 ep

d 2-tanx = sec x
dx

d . -1 I
-Sll1 X = r.--;
dx -V1_x 2

d _I I
-tan x=-­
dx 1+ x 2

tan 2 Q+I=sec2 Q

1- cos2ep = 2sin2 ep

d 2
-cotx=cosec x
dx

d _I I
-cos x = - r.--;
dx -V1_x2

d 1 I-cot- x=---
dx 1+ x 2



OUESTION 1. (20 marks)

A particle of mass m slides without friction on the inside of a hollow spherical shell of radius

a under the influence of gravity.·

(a) Use the method of Lagrange multipliers to obtain the equations of motion for the system

in spherical polar coordinates.

(b) What are the constants of the motion?

(c) If the particle starts at the bottom of the sphere with initial velocity v (at t = 0, e = it and

iJ = via), identify three different types of motion of the particle.

(d) If the particle falls off the interior of the shell, find the value of e at which this happens

for a given initial velocity v.



OUESTION 2. (20 marks)

a) For the Hamiltonian

1 ( 1 24)H=Z q'+pq ,

find a canonical transformation that produces the new Hamiltonian K = HQ2 + p 2
), and

prove that it is canonical.

b) Find the F2 (q,P) generating function that generates this canonical transformation.

c) If the generating function F2(q,P) = Iq,?; + EG(q,P) generates an infinitesimal contact

transformation, find the change in q and p.

d) If G" L, = (r, x p.), ~ I (x'Py; - y,Pri) where L, is the z-component of angular

momentum, determine the physical nature of the infinitesimal contact transformation
generated by L,.



OUESTION 3. (20 marks)

a) If the Hamiltonian for a particle of mass m sliding on a cycloid

x = c(e -sine)

y = C(l + cose)

is given by

use action-angle variables to show that the frequency of the motion is independent of the

energy.

Note that:
I -cose =2sin2~

1+ case = 2cos2
~

b) If the Lagrangian density for displacements of an elastic rod is given by

( ( )2)J • 2 aTJ
L ="2 p.TJ - Y ax

find the Lagrangian equations of motion. What is the physical meaning of this result?



GUESnG 4. (20 marks)

a) Determine the fixed points and calculate their stability properties for the equations

X=X-xy. y=xy-y

b) The stability of an iterative mapping x.. 1 = !(x,) can be determined by calculating the

Lyapunov exponent defined by

1 N-I

A= lim - ~ InlJ'(x,)1
N-NLJ

i... O

Find the Lyapunov exponent as a function of I-/. for the two fixed points of the quadratic map.

xn +' = I-/.x,(l-x,). Discuss the stability of the fixed points as I-/. ~2?

c) If the derivative of two applications of the quadratic map at the 2-cycle is
,

!/: = 4 + 21-/. - 1-/.', explain the behaviour of the Lyapunov exponent as I-/. ~2 from above, and

al so as I-/. increases from 2.

d) What are tangent bifurcations and pitchfork bifurcations and how do they arise?

e) For the quadratic map we can describe the type of bifurcations that lead to cycles of a

particular length. Complete all the missing entries in the table.

cycle length periodic 'prime' number of created by created by

points points n-cycles

n 2' tangent pitchfork

1 2 2 2 1 0

2 4 2 1 0 1

3 8 6 2 1 0

4 16

5 32

6 64

7 128

8 256

f) Define the unstable manifold of a fixed point. Prove that unstable manifolds from different

fixed points do not intersect.




