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QUESTION 1. (20 marks)

A sphere of radius a and mass m , with moment of inertia / = %maz, rests on top of a fixed
sphere of radius b . The first sphere is slightly displaced so that it rolls without slipping down
the second sphere.
(a) Show that the Lagrangian is

L= %m(x2 + xz(jbz) + émaz(G + ¢)2 — mgxcos ¢

where x is the distance between the centres of the two spheres.

(b) Using Lagrange's equations for a constrained system;

AL L _Vra, k=12,..,n
dr\og,) 9dq, 4

Find the angle ¢ at which the first sphere is no longer in contact with the second sphere.



QUESTION 2. (20 marks)

a) Under what conditions is the transformation
Q=q"cosfp P =g"sinfp

canonical?

b) If the Hamiltonian in the new variables is K = Q* + P?, find the Hamiltonian for the old
variables and find the time evolution of the old variables g and p.

c) If the generating function F,(q,P) = Equ,. + sG(q,P) generates and infinitesimal contact

transformation, find the change in g and p.

d) If G = H(q,p) where H is the Hamiltonian, determine the contact transformation generated
by H.



QUESTION 3. (20 marks)

Find the frequencies of a two-dimensional simple harmonic oscillator with mass m and
unequal force constants k, and k, in the x and y directions respectively, using the method of

action-angle variables. The Hamiltonian is given by

H= ZLm(pf + pf)+ —;—(klx2 + kzyz).



QUESTION 4. (20 marks)

a) Determine the stability properties of equations

X=x+y—x(x2+y2)

y=-x+y-y(x*+y%).

b) The stability of an iterative mapping x,,, = f(x,) can be determined by calculating the
Lyapunov exponent defined by

1 N-1
h=lim g ol )

Find the Lyapunov exponent as a function of u for the two fixed points of the quadratic map,
X, = ux,(1 -x,). What is the stability of the fixed points at =27

c) What are tangent bifurcations and pitchfork bifurcations and how do they arise?

d) For the quadratic map we can describe the type of bifurcations that lead to cycles of a

particular length. Complete all the missing entries in the table.
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e) Define the unstable manifold of a fixed point. Prove that unstable manifolds from different

fixed points do not intersect.





