Phys 3230 Electromagnetism

Answers to questions at mid-session Exam 2005

1. Fields, potentials, gauge invariance and Maxwell'squations

Write down expressions for the electiicand magnetid fields via the
scalar and vector potentials V aAd

E=-0V-A, B=0OxA (1.1)

Write down the second pair of the Maxwell’'s equations (equationighw
do not include charges and currents).

OB=0, OxE=-B (1.2)

Prove that expressing the fields via the potentials one autorhatiatikfies
the second pair of the Maxwell's equations.
OmB=000OxA) =0,

OxE=0x(-0vV -A) = (1.3)
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Write down gauge transformations for the potentiksify that under these
transformations the fields do not change.
V -V'=V-ag
A-A'=A+la
EﬁE'zE—D(—d)—%DazE (14

B - B'=B+0x(0a)=B

2. Conservation laws

2 2
Describe briefly the physical meaning o, :£+B— andS= ExB .
2y Ho
* Uemis the energy density of the electromagnetic field
« Sis the Poynting vector, which describes the endhgy, S/c? gives
the momentum density of the electromagnetic field.

Write down the energy conservation law for the exystwhich consists of
the electromagnetic field and charged particles.

%(umh+uem)+DES:O (2.1)

Hereumech IS the density of energy of particles.

Describe briefly the physical meaning of



iv.

T, :50(EiEj _ldjEz)J’i(aBj __1071'52) (2.2)
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* EQ.(2.2) defines the Maxwell stress tensor.
. 'ﬁjdsj gives the force in the direction which is applied to the

elementds; of the surface that surrounds the given volutﬁ@;mé,

equals the total force, which is applied to alltiges in the given
volume.

» Alternatively, (—'ﬁj) describes the flux of the momentum of the
electromagnetic field, see Eq.(2.3).
Write down the momentum conservation law for thetesy, which consists

of the electromagnetic field and charged particles.

2 (P +P) +01{T) =0,

P :izs:gOEx B, (2.3)
C

P, is the density of momentum of partic

3. Applications

Consider static homogeneous magnetic fiBk0,0,B). Write down the
stress tensor, presenting it as a 3 by 3 matrix.
Eq.(2.2) gives

1 0 0
. B?
f=_| 0 -10 (3.1)
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Suppose that within some finite volume there esisttic homogeneous
fields E and B. Assume that the total energy W, which is accunedlan
these fields is fixed, W const.
Find the fieldsE, B, which provide the maximum value for the momentum
|P| of the electromagnetic field. Answering this questi
» Describe a relative orientation of these fieldandB.
|PE &, EXBV =¢,EB sinBVv (3.2)
Here @is the angle betwedf andB, V is the volume. To make |
P | large one needs to choose

sind=1 (3.3)
This means thd andB are orthogonal
EOB (3.4)
From Egs.(3.2),(3.3) one finds
|P E £,EBV (3.5)

which will be helpful below.



* Find the ratio| / |B|.

Remember that

2 2
ys 7 (3.6)
The identity in Eq. (3.6) is achieved only when
X=Yy (3.7)

Eq.(3.5) can be looked at as the left-hand sideqf3.6)

c|PExy, x=,/&V E, yz\/zB

wherec = is the velocity of ligt

1
v éoko

The energy of the field Wan be written as the right-hand side of
Eq.(3.6)

Wou Ve £0E2+ B? V:x2+y2
o 2 24, 2
(3.9)
From EQgs.(3.6)-(3.9) one concludes that
cCIPEW (3.10)

An equality in Eq.(3.10) needs that y, see Eq.(3.7). From
here, using Eq.(3.8) one finds

E=cB
|£|:C (3.11)
B |

 Find the maximum value for the momentun|}.x of the
electromagnetic field.

From Eq.(3.10) one derives

Pl (3.12)

Egs.(3.4),(3.11) and (3.12) present an answer to ii.

Arguably, they could have been written without any calculations, from
purecommon sense.



