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QUESTION 1 (20 marks)
Part1

(a) Consider a system in which the allowed energy levels 0,¢,2¢,3¢,4¢,..... are nondegenerate
(g, =1). If the system has 3 distinguishable particles and a total energy of U = 6¢, tabulate
the possible distributions of the particles among the energy levels and calculate the
thermodynamic weight of each macrostate.

(b) Explain how this tabulation changes if the particles are indistinguishable bosons.

(c) Construct the same table of macrostates and thermodynamic weights for indistinguishable

fermions.

(d) Calculate the average occupancy of each energy level for the fermion system.

(e) Estimate the Fermi energy (or chemical potential) &, = u(0) for the system of 3 fermions.
Part II.

(a) For an open system the change in internal energy is given by dU =TdS — PdV + udN .
Show that the Maxwell Boltzmann distribution can be written in a form containing the

chemical potential u.Thus show that

f, = _N_J - ..IY_e‘E:‘/"T - 1
d g Z e(ff"‘)/"T '




QUESTION 2 (20 marks)

(a) Show that the thermodynamic probability

W = ﬁgj(gj - a)(gj —2a)"'(gj _(Nj -Da)
: N !
J=1 J
Reduces to Maxwell-Boltzmann statistics when a = 0, to Fermi-Dirac statistics when a=1,
and to Bose-Einstein statistics when a =-1.

(b) If the density of states g(e)de = (4w/§nV/ h3)m3/ 26%2de , show that the sum can be
approximated by an integral to give the partition function

S ¢, [kT 2iemkT 2
Z=Egje / =( P ) V.

Jj=1

Calculate the internal energy and pressure for this system using

U=NkT2(aan) and P=Nk7'(alnz).
oT ), v ).

(c) If the Helmholtz function F = —NkT(ln(Z/N )+ 1) , show that the entropy of the system is
S = Nk 2lnT—ln(ﬂ) +S,
2 %4

and find the value of the constant S,,.

d) If the partition function of a system that obeys Maxwell-Boltzmann statistics is given by
Z =aV°T*? ,where a is a constant, find the relationship between the pressure P and internal

energy per unit volume U/V .



QUESTION 3 (20 marks)

Partl

(a) For a classical system of N particles in three dimensions where the energy varies
continuously show that the kinetic contribution to the canonical partition function is given by

Z = [dp,...[ dp, exp(-BH) = (2amkT)*™*,

N pZ
where H=2-2—i—.
m

i=1

(b) Calculate the average internal energy from the derivative of the partition function

0=

dlnZ(N,V,T)
ap o

Part II.

(a) Use Boltzmann statistics to calculate the partition function of the quantum harmonic

oscillator with energy levels g;=(+ Dhv, j=012,.
Z= (——ene/_z:,, )
l-e
where 0 = hv/ k is the characteristic temperature.

(b) Why can Boltzmann statistics be used for indistinguishable oscillators?

N
(c) Show that the Boltzmann entropy for a system of N oscillators is S = -—kEjN i ln(W’).

(d) Using the Boltzmann distribution show that the Boltzmann entropy becomes
= = +kNInZ.
T

(e) Using U = Nsz(ﬁan)v calculate the internal energy. Find the limiting behaviour of
U/Nk6@ as T —0 and T —> . Graph the energy U/Nk6 as a function of T.



QUESTION 4 (20 marks)

(a) Photons in a cavity obey Bose-Einstein statistics. If the number of quantum states with
frequencies in the range v to v + dv is

8V
C3

vy

g(v)dv =

show that the energy density at frequency v is

u(v)dv =

8nhV ( vidv
C3 ehv/kT __1

(b) Find the total energy density (energy per unit volume) by integrating over wavelength
(A=c/v).If the total energy density can be written as

g=aT4
%

find the explicit expression for the constant a.

(c) Explain how the energy density as a function of wavelength given above (Planck’s law) is
related to the Rayleigh-Jeans law u(A)dA =~ 8nkTVdA/A*, and to Wien’s law

w(A)dA = V(&;Li)e"“’mdl.

5



QUESTION 5 (20 marks)

(a) For a system of fermions where the density of states is given by
3/2
g(e)de = 4JEV(—2}-l-r—Z-) ede.

Show that the Fermi energy at 7' =0 is given by

n? ( 3N \¥
1) P W
uo) 2m(8nV)

(b) The internal energy of a fermion gas is

om\? e £¥%de
U= 4JTJV(_) fO ——_e(F—#)/kT 1

Explain the interplay between the numerator and denominator of the integrand in determining

the value of the internal energy.

(c) The electronic contribution to the internal energy is

sn?(T)\
12 (1)
12 \T,

Find an expression for the electronic heat capacity.

U ==§Nsp

(d) The internal energy can be written as an infinite sum with a set of undetermined

coefficients

2i
3 o T
U= gNkTFE a,.(T—F) 9

where

n: (3N "
F=2mk(8nV) '

The dependence on T is explicit and 7}, is a function of V. Show that the entropy is given by
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Show that the Helmholtz function is

© 2i
F=U~-TS = INkT;{1- > — ENRY
g 2i=1\T,

e) Hence, or otherwise, show that the relation P = %(U/ V) is exact for the fermion gas.







