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QUESTION 1 (20 marks)

(a) Consider a system in which the allowed energy levels 0,¢,2¢,3¢,4¢,..... are nondegenerate
(g; =1).If the system has 3 distinguishable particles and a total energy of U =5¢, tabulate
the possible distributions of the particles among the energy levels and calculate the
thermodynamic weight of each macrostate.

(b) Explain how this tabulation changes if the particles are indistinguishable bosons.

(c) Construct the same table of macrostates and thermodynamic weights for indistinguishable

fermions.
(d) Calculate the average occupancy of each energy level for the fermion system.

(e) How many ways can the energy of the fermion system be decreased to a total energy of

4¢ by changing the energy level of one fermion? Justify your answer.
(f) Construct the table of macrostates for 3 fermions with energy U = 4¢.

(g) How many macrostates are possible for 3 fermions with energy 3¢ ? Calculate the average

occupancy of each energy level in the system with energy 3e.

(h) Comment on the temperature and chemical potential u of the system of 3 fermions with

energy 3e.



QUESTION 2 (20 marks)

(a) For a system with discrete energy levels in contact with a heat reservoir derive the

canonical probability distribution
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and obtain an expression for the canonical partition function Z.

(b) For a classical system of N particles in three dimensions with a continuum of energy

levels show that the kinetic contribution to the canonical partition function is given by

3N/2

Zy = [ dp,...[ dp, exp(-pH) = 2amkT)™™",
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where H =
i=1

(c) Calculate the average internal energy from the derivative of the partition function

@ -
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(d) If the average square of the energy is given by
(U*) = [ ap,...[ dp,H* exp(-pH)
show formally that

5‘3/;—111(2) =(U*) -(Uy’

(e) Using the partition function from part (b) calculate the mean square fluctuation

(AU?) =(U?) - (U)".



QUESTION 3 (20 marks)

(a) Use Boltzmann statistics to calculate the partition function of the quantum harmonic

oscillator with energy levels &, = (j+hv, j=0,1.2,..
Z-= (——e_g/j,r ) :
l1-e
where 6 = hv/k is the characteristic temperature.

(b) Why can Boltzmann statistics be used for indistinguishable oscillators?

N,
(¢) Show that the Boltzmann entropy for a system of N oscillators is §' = —kEjN ; ln(i).

(d) Using the Boltzmann distribution show that the Boltzmann entropy becomes

=£+kNan.
T
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U/Nk@ as T —0 and T —co. Graph the energy U/Nk@ as a function of T .

(e) Using U = NkT?*(-%1nZ). calculate the internal energy. Find the limiting behaviour of
g v y g

(f) Find the entropy and determine the limiting behavior as T —0.



QUESTION 4 (20 marks)
PART A.

(a) A dipole with magnetic moment w in an external magnetic field B will experience a

torque N given by

N=uxB.

The magnetic potential energy ¢ is the work done to rotate the dipole from its zero energy

position 0=2%

£= GNdB’
w2

Show that e=-u-B=-uB.

(b) The magnetic energy of an atom in quantum state m is ¢, = —gu, Bm where quantum
number m is within the range —J < m < J. Here g is the Landé g-factor and py = eh/2m, is
the Bohr magneton. Each atom is in a localized position within a crystal and thus the atoms

are distinguishable. Using Boltzmann statistics the probability of state m is

Write down the partition function for this system and show that the mean z-component of the

magnetic moment is

J

_ 1 <
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m=-J m=-J

(c) Show that fi, can be written as the derivative of the logarithm of the partition function.
PART B.

(a) A Bose gas at low temperature (T < T, where T, is the Bose temperature) has an internal

energy of

T 3/2
U= O.77NkT(—)

B



2 %3
where T, = h ( N ) determine the heat capacity at constant volume.
2nmk\2.612V

(b) As the result for the heat capacity is correct at zero temperature, calculate the entropy

using
T
5= [Srar.
o 1T
(c) Thus show that the Helmholtz function is given by

T 3/2
F =-05INKT|—| .
Ty

(d) Hence show that P = %—g—-



QUESTION 5 (20 marks)

(a) For a system of fermions where the density of states is given by
32
g(e)de = 4nV(—2};n;—) eds.

Show that the Fermi energy at T =0 is given by
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- (b) The internal energy of a fermion gas is
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Explain the interplay between the numerator and denominator of the integrand in determining

the value of the internal energy.

(¢) The fermionic contribution to the internal energy is
2 2
U=3ne |1+ L] _
5 12 \T,
Find an expression for the heat capacity.

(d) Integrate the entropy from 7dS = C, dT to obtain the entropy, and hence, the Helmholtz

3 (1Y
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function.

F = NKkT,,

where the Fermi temperature is T, =

(e) Calculate the fermionic contribution to the pressure for a gas of electrons.



(f) If a white dwarf star consists of alpha particles and a degenerate electron gas find the
electronic contribution to the internal energy. If the gravitational potential energy

U, =~b/R where R is the radius of the star, explain how a minimum energy results in a

grav

stable radius for the star.
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