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Mathematical identities
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QUESTION 1 (20 marks)

(a) Show that the thermodynamic probability

W = fl[gg(gj. - ﬂ)(gj *2;)..!..(&. _(N, -Da)

reduces to Maxwell-Boltzmann statistics when a =0, to Fermi-Dirac statistics when a=1,

and to Bose-Einstein statistics when a=-1.
(b) Find the thermodynamic probability in the dilute gas limit g, >> N .

(c) If the distribution is Maxwell-Boltzmann, calculate the entropy and the Helmholtz

function.

(d) If the system has only two energy levels 0 and ¢, with degeneracies g, and g, write
down the entropy and Helmholtz function for the system. Note that

7= E gje-e);kr
j=I

(e) Find the Helmholtz function in the limitas 7 — 0.

(f) Find an equation for the pressure of this system and explain the physical nature of the
derivative that is needed.



QUESTION 2 (20 marks)

An assembly of one-dimensional harmonic oscillators are loosely coupled so that they each
oscillate independently in one of the energy levels &, =(j + D)hv, where j=0,1,2,3,....

(a) In the dilute gas approximation g, >> N, derive the partition function Z for this system

using the characteristic temperature 6 = hv/k.
(b) Calculate the occupation number of the j” energy level, that is find N, /N .
(c) Why can Boltzmann statistics for distinguishable particles be used in this case?

(d) Use the partition function show that the total energy is

1 1
U= NkO| — + ———
(2 e’ -1)
(e) What is the form for the energy as T —0,and as T —> e ?

(f) Outline the model in Einstein’s theory of the heat capacity of a solid and write down an

equation for the energy as a function of temperature.

(g) Outline the physical picture or beginning assumptions in Debye’s model of heat capacity.
In particular, how does it differ from the Einstein model?

(h) Show that the distribution of frequencies in the Debye model of 3N oscillators is given by

g(v)dv = 9—?rv2dv

m



QUESTION 3 (20 marks)

(a) For a classical system of N particles with Hamiltonian
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show that the canonical partition function is given by
Z= fdpl..dp,\,qu] ..dq, exp(-pH) = (Zrcka)amqui..qu exp(=pP).

(b) For an ideal gas the potential is equal to zero everywhere (except at collisions). Write

down the ideal gas canonical partition function.

(c) Use the canonical partition function for the ideal gas to calculate the average internal

energy and pressure.
(d) Show that fluctuations in the internal energy in the canonical ensemble are given by

;?1n2=(02)-(U)2.

(e) Show that the mean square fluctuation in the internal energy (AUZ) - (Uz) = (U)2 in the
canonical ensemble is determined by the heat capacity at constant volume.

(f) The classical grand canonical partition function is given by

E(z.V.T)= Y "Z(N.V.T).

N=0

Where the fugacity z is related to the chemical potential by z =exp(Bu) and Z(N,V,T) is the
canonical partition function. Show that the average number of particles (N) given by

(N)= % iNz”Z(N,V,T)

= N=0

can be written as a derivative of the grand canonical partition function.



(g) Write the average fluctuation in N, that is, the average of AN? = (N - (N))2 ,asa
derivative of the grand canonical partition function Z(z,V.T).



QUESTION 4 (20 marks)

(a) A Bose gas at low temperature (T < T, , where T is the Bose temperature) has an internal

T 3/2
U =0.7INkT| —
T,

determine the heat capacity at constant volume.

energy of

(b) As the result for the heat capacity is correct at zero temperature, calculate the entropy

using
T
i [ g1,
e T
(¢) Thus show that the Helmholtz function is given by

- 3/2
F =-05INkT|—| .
i

(d) If the Bose temperature is given by

h? N
S
2emk \2.612V

use the Helmholtz function to find the pressure.

(e) Hence show that P = 2
3V

(f) Discuss possible connections between the

theoretical Bose-Einstein condensation and the
experimentally observed lambda transition between (atm)
Helium I and Helium II.




QUESTION 5 (20 marks)

(a) For a system of fermions where the density of states is given by

2m\"? Y2
g(e)de =4nV ; e'"de.

2

1

Show that the Fermi energy at 7' =0 is given by

h? (3N \#?
G il a(ﬁ)

(b) The internal energy of a fermion gas is

2m T e de
U= 4:;‘/(—) f o (e-m)JkT

h? e +1

Explain the interplay between the numerator and denominator of the integrand in determining

the value of the internal energy.

(c) The fermionic contribution to the internal energy is

se2( T\
g —| —] ~u.
2\

Find an expression for the heat capacity.

Um%N&

(d) Integrate the entropy from 7dS = C,dT to obtain the entropy, and hence, the Helmholtz

3_=(r1Y,
5 4\T;

h* (3N \*
where the Fermi temperature is 7, = e (S—V-) ;
r T

function.

F = NkT,

(e) Calculate the fermionic contribution to the pressure for a gas of electrons.



(f) If a white dwarf star consists of alpha particles and a degenerate electron gas find the

electronic contribution to the internal energy. If the gravitational potential energy U,,,, = “R

where R is the radius of the star, explain how a minimum energy results in a stable radius for

the star.
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