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FORMULA SHEET

Boltzmann Entropy S=klnW
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N
n ._, N n
Boltzmann W, = N!n&— . iv_e“f/” 7 = Eg Pl
¢ N! g, Z i
J=1""J" Jj j=1
n gN, N N n
Maxwell-Boltzmann W= |- oL 7= Eg T
. ! . Z s =
j=17"J 8; =1
. “ g.! N. 1
Fermi-Dirac w. =||——" A A S
v ENJ!(gJ'Nf)! g, M4
(N, +g,-D! N,
Bose-Einstein W,y = H(_JL)_ - ,_,,)1/,,—,-
L1 N (g -1) g, e -1
0|H(q,p)- E
Microcanonical Fne(@sP) = (H(.p)-E)

[ dqdpd(H(q.p)- E)

_ exp(-BH(g,p))

Canonical ,p) = Z(INV.,T)= | dgdpexp\(-BH(q,
fe@P==355 1 (N.V.T) = [ dgdpexp(-BH(q.p))
ex -H ad
Grand-canonical f:(q.p) = p'(_ﬁ(,uN )) EwV,T)= EZNZ(N V.T)
2(wV.T) i
Thermodynamic Potentials
Internal energy U § dU =TdS - PdV
Enthalpy H=U+PV dH =TdS + VdP
Helmbholtz function F=U-TS dF =-SdT - PdV
Gibbs function G=U-TS+PV dG = -8dT + VdP
Statistical Mechanics Canonical Ensemble
Internal energy U= sz(aan) Pressure P= kT(aan)
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Mathematical identities
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QUESTION 3 (20 marks) . .

(a) For a classical system of N particles with Hamiltonian
N p2
H= E%+ @(q,,...qy )

show that the canonical partition function is given by
Z= [dp,..dp, [ dq,..dq, exp(-pH) = (2xmkT)™™" [ dq, .dq,, exp(-pP)

(b) For an ideal gas the potential is equal to zero everywhere (except at collisions). Write

down the ideal gas canonical partition function.

(c) Use the canonical partition function to calculate the average internal energy and pressure

of an ideal gas.

(d) If the classical average of an arbitrary phase variable X is given by

dgdpXe ™
(xy L 4™
f dqgdpe™*
show that
—a—an =-U
d
and

553/—371112=<U2>-(U>2.

(e) Show that the mean square fluctuation in the internal energy <AU 2> = (U 2> —(UY" in the
canonical ensemble is determined by the heat capacity at constant volume.



QUESTION 4 (20 marks)

(a) Photons in a cavity obey Bose-Einstein statistics. If the number of quantum states with

frequencies in the range v to v + dv is

gv)dv = 8V vidv

C3

show that the energy density is

u(vydv =

C3 ehv/kT -1

thv( vidv )

(b) Find the total energy density (energy per unit volume) by integrating over wavelength
(A =c/v).If the total energy density can be written as

£=aT4
|4

find the explicit expression for the constant a.

(c) Explain how the energy density as a function of wavelength given above (Planck’s law) is
related to the Rayleigh-Jeans law u(A)dA = 8thTVdA/ A', and to Wien’s law

W(AYdA ~ V(%)e"“/wd)».



QUESTION § (20 marks)

(a) For a system of fermions where the density of states is given by
32
g(e)de = 43‘EV(%) e/de.

Show that the Fermi energy at 7 =0 is given by

B? (3N \P
(8TCV)

w(0) = Py

(b) The internal energy of a fermion gas is

y2 3/2
U= 475‘/(%’[1_ f _&de
h? 0 QE-m/AT 4 q

Explain the interplay between the numerator and denominator of the integrand in determining

the value of the internal energy.

(c) The electronic contribution to the internal energy is

2 2
Sn( T
1+ —| = -...
12 \ T,

Find an expression for the electronic heat capacity.

U=§Nq

(d) The internal energy can be written as an infinite sum with a set of undetermined

coefficients

where

r? [ 3N\
’=2mk(8nv) ‘

The dependence on T is explicit and T, is a function of V. Show that the entropy is given by
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Show that the Helmholtz function is

2i
© . T
F=U-TS=2NT.J1-S-4%4_| 2| |
’ F{ 221'—1(7})}

i=1

Hence, or otherwise, show that the relation P = %(U / V) is exact for the fermion gas.





