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Question 1

A parallel-plate capacitor is made with the sides sealed and the space between the plates half filled
with a liquid of relative permittivity e,. The capacitor is charged and isolated.

(a) Find an expression for the ratio of the potential difference between the plates when they are
horizontal, Vg, to that when they are vertical, Vy .

(b) Hence find an expression for the ratio of the stored energy in the two cases, if the capacitor is
charged and then isolated while it is tilted from one orientation to the other.

Question 2

What is the maximum power that an air-filled wave guide can transmit in the TEy; mode if the
transverse dimensions of the guide are a = 1 cm, b = 2 cm and the frequency is 10'° Hz ?
Take the breakdown field in air to be 30 kVcm™!.

Question 3

An air-spaced coaxial cable has an inner conductor of radius 0.25 cm and an outer conductor of
radius 0.75 cm. The inner conductor is at a potential of +8 kV with respect to the grounded outer
conductor.

(a) Find the charge per metre on the inner conductor

(b) Find the electric field strength at r=0.5 cm.

Question 4

The electric field E from an oscillating electric dipole, pp coswt, at the origin and aligned along
the z-axis, is given by:

— o pow? sin 6

E(r,6,t) = cos{w(t—r/c)} @

47r
where r is large compared to the size of the dipole, and to the wavelength of the radiation, so that
the plane-wave approximation can be used.

A~

(a) Write down the corresponding expression for B. (Note that the direction of propagation, k,
is along f.)

(b) Show that the Poynting vector, S, for this radiation is

2, 4\ cin2
_ [ popgw™ \ sin 6 B .
S = ( 1671'%) 5 Cos {w(t—r/c)} £

(c) and find the average total power radiated by the dipole.

End of Exam




Useful Formulae: PHYS3011/PHYS3230

€0 =8854x10"2 Fm™! py=47rx10""Hm™ ! ¢=3x10® ms™!
Volume element = dzdydz = r2?sinfdrdfde

4.3

Surface area of sphere = 4mr? Volume of sphere = z7r

Divergence Theorem: \ V-AdV = \ A.dS (Sis the surface enclosing V)
v s

Stokes’ Theorem: \m (VxA)dS = &h A.dl (L is the curve bounding S)
Vector identity: Ax (BxC) = (A-C)B — (A-B)C

So: Vx (VxE) = V(V-E) — V2E

Also: V- (ExB)=B-(VxE) — E-(V xB)

V2 in spherical polar coordinates:

2
7= 12(02) + 2l 2 (ed) + ke 2

2or \" or r2sin 6 50 o0 r2sin20 9¢?

Electrostatics:

dq

Charge conservation: I = — it

qg= \ p dV (charge density) I= \, J.dS = \ V-J dV (current density)
v S 14

V.-J= I% (equation of continuity)

E field defined by: Fg = qE

Coulomb’s Law: E = . k4 r
47eg 12
) g _ 1
Gauss’s Law: g = [ EdS = = = = [ pdV
S €0 € Jv
V-E = mnn (Gauss’s Law)
0

[ Also, since E is conservative in electrostatics: Vx E = 0]

Magnetism:
B field defined by: Fg = gvxB ie dF = dgvxB = IdlxB
No magnetic monopoles: V-B = 0

po I'dl' x & po dg' ,

Biot-Savart Law: dB = i 2 = ar 2 vix ¢

Ampere’s Law: &w.n: = wo(N)I = po \u.am
s

(where I = current enclosed)

VxB = ppJ (Ampere’s Law)

Faraday’s Law: £ = & B = 9%5 _ |m \ B-dS
S

dt
VxE = Iw% (Faraday’s Law)
Dielectric materials:
P = xeoE D=¢E+P = (14 x)eE = ¢ oE

E field (and potential difference) is reduced by a factor ¢, in the bulk.
Energy density, u = je.60E? per unit volume = {E-D
Gauss’s Law for D: [D-dS=¢free VD =pfree
At a boundary, Ej and V are continuous (D, is continuous.)
Cavities in dielectrics: Ejpcal = Epux for a needle-shaped cavity;
Eiocal = Epuik + P/eo for a disc-shaped cavity;

Eioca = Epux + P/3eo for a spherical cavity.

; ; . -1
Clausius-Mossotti equation: = [t
3€g €& +2

Capacitance:

stored charge @ = CAV [C]
stored energy U = 1QAV = 1C(AV)? or 1Q%/C [J]

capacitance of parallel-plate capacitor is C' = e,69A/d [F]

capacitance of isolated sphere is C' = 4me,eoR [F]




DC Circuits:
Ohm’s Law: AV = IR resistance, R = pl/A 1Y)

Kirchhoff’s Laws: (1) XI =0 at a junction
(2) € —XIR =0 around each loop

Joule heating: power dissipated, P = IAV = I?R = (AV)?/R (W]
Ohm’s law: J = 0E power dissipated/unit volume = J - E = o E?

Magnetic media:

. B
B = po(H+M) = po(l + xm)H = prpoH ie H= Ms|o -M

V-B=0, soV-H4+V -M=0
Ampere’s law becomes: V x H = Js.
At a boundary, B| = B, and _\_ = H|
Inductance:

Mutual inductance: @y = Liolh, Py = L1o1], Self inductance: ® = LT

2
Self Inductance of a solenoid: L = p,pg Zq A magnetic energy: U = whN 2
Energy density i e felde u= LB 1B 7
nergy density in magnetic field: v = T 2B
Maxwell’s Equations
In a vacuum:
VE =2 VxE = a8
€0 ot
V-B =0 wantou+tomoW|uw

Lorentz force law: F=q(E+vxB)

Maxwell’s equations in dielectric and magnetic media:

V-D = p VxE = -B

V-B = 0 VxH=J+D

EM Waves:

8%’E
Wave equation for E in free space: V2E = tomo%

ie ¢ = H\J\tomo

(in a medium: v = 1/,/prpo€r€0 = ¢/n, n = refractive index)

Solution: E = Epsin(kz — wt) for monochromatic wave travelling in +ve
z-direction.

~

E, B and the direction of propagation k are mutually perpendicular:

-

kE =0 kB =0 B = kxE ExB = k

The direction of E is the direction of polarization of the E-M wave.

Impedance of free space, Zy = % = )\% = 3779
0

Poynting vector: N (or S) =ExH = L (ExB) = E?/Z, = H?Z,
Ho

2
NB: Wave number, k = |v‘,a. Angular frequency, w =27 f
d
Phase velocity, v, = fA = .M. Group velocity vy = %

Malus’ Law: I(#) = I(0)cos? @ for polarizers at relative angle 6.

Reflection and Refraction at interface between two dielectrics

Reflection: 6, = 6;
Refraction: ngsinf; = n;sinf;  (Snell’s Law)
Critical angle: sinf; = na/ny if n; > ny

Fresnel Equations (u, = 1)

E, (n2/n1) cosb; — cosb,  tan(f; — 6)
For E llel = L= = >
O 5 PRTGess i E; (ng/ni1)cosf; +cosf;  tan(6; + 6;)
to the plane
.y E, 2 cosb;
d ty = — =
0.\ Hgraems I @m Aﬁm\ﬁuv COS %& ~+ cos %n
E, cosb; — (na/ny)cosb; sin(6; — 6;)
For E = —L = v - _
or S perp ol E; cosf; + (na2/ny) cos b, sin(6; + 6;)
to the plane
_ E, 2cosb;
d t, = —=
of inéidence = E;  cosf; + (na/ny) cos b,




Ifn=ny/n; :

7 = 0 at the Brewster angle, 6; = 6p, where tanfp = n

—1\2
At normal incidence (6; = 0), reflecting power, Ry = ﬂm =72 = A:|v

n+1
NH 2 2 4in
LA Y TRy (R+T)
EM waves in a conducting medium
. tio 6’E o OE ie 0’E
Wa D= = — —
ve equation: —-—5 = ko0 - + €0 Ho

Solution: E, = Egexpi(kr—wt) with k? = iwpeo (k is complex)

2 k
Skin depth, ¢ = A v Effective (complex) refractive index n = £
LHoow w
2 . . m.w H -n
Reflection from metal at normal incidence r= — = { —— | =~ —1
E; 1+n

Transmission Lines
(here L and C are the inductance and capacitance per unit length)

1 L
Wave velocity, v = — Characteristic impedance, Zg = 4/ =
Y7 P °=Ve
Twin wires, separation b, each of radius a, C = e =i In(b/a)
In(b/a) T
for air/vacuum: Zy = 1201n(b/a)
2mer€g

Co-axial cable, radii a (inner) and b (outer), C = L=tk In(b/a)
7

In(b/a) 2
for air/vacuum: Zy = 601In(b/a) Q

€r€ob [ = HKrkoa

Stripline: two conductors of width b, separation a, C =

a b
for air/vacuum: Z, = wﬂﬂm Q
Waveguide equation \/lw. = \/Pw - Aww&w

Lorentz transformation equations for E and B:

If O’ is moving with speed +V along z axis of O:

E.=E, mwo =v(E, —VB,) E,=~(E,+ VB,)
174 |4
B; =B, mm\\ =v(By + .nnw-m_uv B, = (B, — olmm@v
m_m
B? - = and E - B are invariants.
Potentials:
Ta
Inside a solenoid of radius R, at distance a from the axis: A = ﬁ ¢
M -~
Outside the solenoid, A = mmmlwm. 1)
HHIAE\I% and B=VxA.
1 0V
Lorentz Gauge: V-A+ Z 5= 0
1 6%V 2 P 1 5%A 2
= = -VV)=— — — — VA ) = ppJ
A% a2 v & A% t2 Ho

Liénard-Wiechert potentials (from a moving charge):

1 qc
4meg (Rc—R-v)

V(r,t) =

Electric Dipole Radiation:

and A(r,t) = on V(r,t)

where R = r—r’

—powcosf . —HoPow .
a\AHv mv = Hmolﬁnl Sin Ew\ »Pﬁn.v wv = 'Nﬂﬂlﬂ..l' sin
Magnetic Dipole Radiation:
_ ind .
V(r,t)=0 A(r,t) = “HoMoWSY inwt! ¢

4mre

NBt' =t—|r—r'|/c (Retarded time.)

In both cases, E is L to B, and both are L tor,

P

wt' z

and F = cB.






