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. Time allowed — 2 hours
. Total number of questions — 5

. Total marks available — 50

Answer ALL questions

ALL QUESTIONS ARE OF EQUAL VALUE.
Marks available for each question are shown in the examination paper.

Answer Question 1 alone in one book.
Answer Questions 2-5 in a separate book.
University-approved calculators may be used.

All answers must be written in ink. Except where they are expressly
required, pencils may only be used for drawing, sketching or graphical
work.

This paper may be retained by the candidate.
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Physical Constants

Permittivity of free space € 8.85 x 1072 F/m
L 9 A2 /(T2
| s 9.0 x 10° Nm?/C
Permeability of free space i A7 x 1077 H/m
Electron charge e 1.6 x 1071 C
Speed of light in vacuum ¢ 3.00 x 10® m/s



Question 1 - (10 marks)
Force on a dielectric material in a capacitor.
Calculate the force which acts on a dielectric material (dielectric constant
) which is partly (i.e. with a length of z) inside a capacitor. The area of
the capacitor is a -/ and the distance between the plates is d. Both plates
are charged and constant potential V' is maintained between them.

(a) Calculate the change in the stored energy of the capamtor when shlft-
ing the dielectric material by dz.

(b) Calculate the work done by the battery when the dielectric material
is shifted by dz.

{¢) Calculate the force which acts on the spring on the other s1de of the
dielectric material.

" spring-
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Question 2 (10 marks)

(8} Two infinite, parallel wires are separated by a distance d. One carries
a current [; and the other ;. Using Maxwell’s equations and the
Lorentz force law, derive an expression for the force per unit length
between the wires.

(b) A square loop of side length o hangs below a very long, straight wire
carrying & current I;. The distance between the long wire and the
top of the loop is d. Attached to the loop is a mass m.

I

!

L }

i. For what current I, in the loop will the magnetic force upward
balance the gravitational force downward? Should it flow clock-
- wise or anticlockwise?

ii. What is the total magnetic force on the long wire due to the
-current in the loop?
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Questxon 3 {10 marks) _
An infinite uniform surface current K = — X2 flows over the z2 plane (in

the negative £ direction).

M

(a)
(b)

(c)

(e)

What is the direction of the magnetic field B both to the left and
right of the surface? Justify your answer.

Apply Ampere’s law to obtain the field B, (Hint: use a rectangular
amperian loop that runs parallel to the zy plane and extends an equal
distance either side of the surface current, see diagram.)

What is the direction of the vector potential A7 (Hint: use the
formula
K(r')

T

and note that K is always in the same direction.)

Calculate A in the region y > 0. Note that the formula presented
above should not be used to calculate A in this case because K does
not go to zero at infinity. Rather, use the formula

VxA=DB

and Stokes’ theorem to determine A. Set the vector potential to zero
at the current-carrying surface.

Prove that your answer to Part (d) is correct by explicitly showing
that V x A = B.
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Question 4 (10 marks)
In this question you will show that the magnetic field of an infinite solenoid
runs parallel to its axis regardless of the cross-sectional shape of the
solenoid (as long as the shape is constant throughout the solenoid). The
solenoid has n turns per unit length carrying a current I, where n is a
very large number.

X
A

r

\

y

Consider the field at r = {z,y,0) due to the current element at r' =
@y, ),
(a) Write an expression for the current I at r’ in Cartesian coordinates.
Remember that the current has no component along the solenoid.

(b) Use the Biot-Savart law to obtain the field element dB at r due to
the current at r',

(¢) By noting that there is a symmetrically situated current element at
r” that has the same x and y as r’ but negative z, show that the field
at r ig in the Z direction, and hence that the field in general is axial,

(d) Now that you have its direction, use Ampére’s law (or any other
method you like) to calculate the field everywhere.
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Question 5 (10 marks)
Consider a superconducting toroidal coil with a rectangular cross-section.
Its inner radius is a, outer radius is b, and height is A, The coil has a
total of N turns that carry a current I, where N is large enough that the
current in the direction of ¢ (around the axis) can be neglected.

Z

N b

(a) Calculate the magnetic field B everywhere (you may assume the di-
rection of the field is ¢).

(b) Calculate the magnetic energy stored in the coil.
(c) Find the (self) inductance of the coil.

(d) The coil is carrying a current [y when it is slowly warmed up, until at
time ¢ = 0 it reaches a critical temperature where the coil 1s no longer
superconducting. It now has a total resistance R and therefore the
current begins to change. What is the induced emf in the circuit?

(e) Using Ohm’s law, find an expression for the current I as a function
of time. Sketch I(t).

(f) What is the power dissipated by the coil as a function of time?

(g) Integrate the power over time to get the total energy dissipated by
the coil when it stops being a superconductor. Compare your answer
with Part (b). Is the answer what you expect?
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