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Question 1 

A simple harmonic oscillator with no damping is described by the equation of motion: 

mi+kx=O 

where m is the mass of the particle and k is the spring constant for the elastic restoring force, 
Such a simple harmonic oscillator can be coupled to an ex ternal harmonic driving force: 

Fut = Foexp(iwt) 
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(i) What is the equation of motion for this simple harmonic oscillator driven by this harmonic driving force in 
the absence of damping? 

T his oscillator is likely to behave bad ly when the frequency of the driving force is set to the natural frequency 
of the free oscillator . 
For frequencies that a re !lot equal to this natural frequency, the solution of the equation of motion for the driven 
oscillator will have the form: 

x(t} = A exp[i(wt - tJI)] 

(U) Substitute this trial solution into your equation of motion to derive a complex equation relating A, q, and 
w, where your equation is independent of time. 

(iii ) By separating this equation into real and complex components (or otherwise), derive an expression for 
q,(w) and hence determ ine the allowed values of q,. 

(iv) Using the allowed values of q, plus the real and/or complex components of the above equation, derive an 
expression for A{w). 

(v) Sketch both A{w) and q,(w), labeling special values of 4> and w on your plot . 

(v i) How does the oscillator behave when the driving force is set to the natural frequency of the simple harmonic 
osci llator? 
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Question 2 

A block of mass m can slide horizontally along a rail wit hout friction. 1\'10 identical pendulums are attached to 
the block. Each pendulum consists of a massless rod of a length l and a pointlike object of the same mass m. 
The objects call move only in the plane of the figule. Dynamic variables of the system are angles 'PI, 'P2 and 

rail 

block m 
x 

I I 

m m 
<PI 

FIG . 2: 

t he block displacement x. Assume t hat the angles are small, 1f!J,'P2 « 1, so leading approximat ion is always 
sufficient , sin <p;:::; <p, cosip <=::: 1 - ip2/2. The gravitational field 9 is di rected down. 

a) Derive Lagrangian of the system in terms of 'PI , <P2 , X and their time d e rivatives. 

b) U sing the Lagrangian derive equations of motion of the system and hence show that they are 
of the fo llowing form 

Question 3 

Consider the system from question 2. 

3i + IV;1 +1<p2 = 0 

l<pt +i+9<PI =0 

1<p2 +i + 9<P2 = 0 

a) Derive the secular equation for the system. 

b) Solve the secular equation and find the normal frequencies of the system. 

c) Find the normal modes . Ske tch the motions that correspond to the normal modes and state 
which normal frequency corres ponds to which mode . 
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Question 4 

Co ns ider two satellites of the sam e mass m . The first satellite can be cons idered as a s phere of 
radius r and moment of inertia I = ~mr2 . The second satellite can be considered as a uniform 
ball of t h e sa m e r adius r and moment of inertia I = ~mr2 . Each sa tellite is rotating around its 
center . Angular velocities are of equal magnitude w. They dock toget her , the docking is instant . 
Determine the rotat ion of the "space station" that is formed as a result of this docking in t he 
fo llowing cases. 

a) Their initial a n gular velocit ies are paralle l a nd they dock along the axis parallel to the angular 
velocity, see Fig. 3 

satellite satellite "space station" 
docking -

FIG. 3: 

b ) Their initial angular veloc ities are parall e l and they dock a long· the axis perpendicular to the 
angular velocity, see Fig. 4 

docking -
FIG. 4 : 

c) The ir initia l angular velocities are perpendic ular and they dock along t he axis parallel to one 
o f the a ngu lar velocities, see Fig. 5 

docking -
FIG. 5: 




