SOLUTIONS for PHYS3550, General Relativity,
Assignment 2 2013 Lecturer: John Webb

Consider the following four different metrics, as given by their line ele-
ments:

(1) ds* = —dt* + da* + dy* + dz?

(2) ds? = —(1 —2M/7)dt? + (1 — 2M /)~ dr? + r*(d6? + sin? Od¢?) where M

1S a constant.
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where M and a are constants, A = r2 —2Mr +a?, and p? = r* 4+ a? cos® 0
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where k is a constant and R(t) is an abitrary function of t.

ds® = —dt* + R*(t) + 72(d6* + sin? d¢?

The metrics above are, in order, the SR, Schwarzschild, Kerr, and Robertson-
Walker metrics.

QUESTION (i) For each metric find as many conserved components p,, of a
freely falling particle’s four momentum as possible.

ANSWER (i) If conserved, clearly it must be that dp,/dt = 0. The general
form of the geodesic equation (as given in part (iv)) is
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Since in general, p”p® # 0, the geodesic equation illustrates that if g,,5 = 0,
it must be that dpg/dr = 0.

(1) ds* = —dt* + dz* + dy? + dz?
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and g,q.p = 0 for all .
Thus all pg are conserved in Euclidean space.

(2) ds® = —(1 = 2M/r)dt* + (1 — 2M r)~'dr® + 12(d0” + sin® 0d¢*), so

—(1—2M/r) 0 0 0

B 0 (1—2M/r)" 0 0

Gra = 0 0 20
0 0 0 r2sin®6

and there are 5 non-zero components of g,, s (all the rest are zero):
Getr = —QM/TQ
Grrp = 2M/(r — 2M)?
9oo.r = 21
Gppr = 78i0%0
Gop0 = 2rsinf cosd
Thus p;, p,; are conserved.
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where M and a are constants, A = r2 —2Mr +a?, and p? = r> +a?cos? .
This is the Kerr metric, and we know the symmetry is axial and not spheri-
cal. Inspecting the metric components above, we see that the coefficients of
dt?, dr?, dtde, d¢?, d6* are ALL functions of r and 6, i.e.

Gtt,ry Grryrs Giers oo,y 960,r 7é 07 and

G105 Grr0> Gte.0s Jos0s Joo,e 7 0. All the rest are zero.
Thus p;, p; are conserved.

(4) ds® = —dt* + R2(t) |12 + r2(d6* + sin® §d¢*

where k is a constant and R(t) is an abitrary function of t.

For this metric, clearly
grr,t; grr,r # 0
960, 9oor 7 0

Gootr Yoo, 9opo 7 0
Thus p, is conserved.

QUESTION (ii) Put (1) in the form ds? = —dt? + dr® 4 r?(d6* + sin® 0d¢?)
From this argue that (2) and (4) are spherically symmetric.

Does this increase, decrease, or leave unchanged, the number of conserved
components p,?

ANSWER (ii) First part standard derivation, from lecture notes.

The spherical symmetry in the Cartesian form is obvious (ds? is indepen-
dent on choice of reference frame orientation). (ii) and (iv) clearly have the
same form as ds? = —dt? + dr? 4+ r?(df* + sin® d¢?), varying only in their
coefficients. The spherical symmetry in all 3 metrics is therefore also clear.
For metric (i) in polar co-ordinates,



9oo.r = 21

Jppr = 2rsin

Gop.0 = 2r*sin 6 cos O

Thus p;, py are conserved. In transforming from Cartesian to polar
co-ordinates, the number of conserved components is decreased from
4 to 2.

QUESTION (iii) It can be shown that for metrics (2)—(4), a geodesic which
begins with § = 7/2 and p’ = 0, i.e. one which begins tangent to the equa-
torial plane, always has § = 7/2 and p? = 0.

For cases (2)-(4), use the equation 7’.p" = —m? to solve for p" in terms of
m, other conserved quantities, and known functions of position.

ANSWER (iii) 7.7 = —m2 = gasp®p”®.

Metric (2):

The non-zero components are:

gtt = —<1 — QM/T)

Grr = (1 —2M/r)~1

Joo = r?

Jop = r%sin® 0

Since § = 7/2, sin?f = 1. And p? = 0. Let A = (1 — 2M/r) for simplicity.
Then

—m? = —AQp')’ + AT () + 2 (p?)?

Substitute and re-arrange to get

() = AJAP)? —r*(p?)? — m?]



Metric (3):

Here, A = r? — 2Mr + a?, and we now have cosf = 0 so p?> = r2. Also
sinf = 1. After a little algebra, the non-zero components then become:

gu = —(1—=2M/r)

Grr = (1 =2M/r +a?/r*)7!

Joe = r?
g¢¢:r2+a2(1+2M/7")
g9 = —4Ma/r

Now re-arrange the following equation for p” (the 2 terms in p? vanish):
—m? = gu(P")’ + grr (1) + 90 (1)
i.e.

(P')? = [-m® + (1 —=2M/r)(p")* — [r* + a*(1 + 2M /7)](p®)?] (1—2M /r+a?/r?)

(which seems horrible so maybe I made a mistake somewhere..?)

Metric (4):
Following the same procedure, and letting B = R?(t)/(1 — kr?)

—m? = —(p")* + B(p")* + Br*(p®)°

SO

QUESTION (iv) For metric (4), spherical symmetry implies that if a geodesic
begins with p’ = p? = 0, these remain zero. Use this together with the
general form of the geodesic equation

dpﬂ o 1 v, «
dr - 29ua,ﬁp p

(see eq. 7.29 in Schultz), to show that that if k = 0, p, is a conserved quantity.

ANSWER (iv) We are specifically interested in
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dpr
dr

2Mm—— = Gya,p" P

Dropping terms which are zero we are left only with

dp,

2 :rrrr2
m-—= = Grrr (1)

Now g, = R*(1 — kr)™!
SO Grpr = R?k(1 — kr)™2
but since k =0, ¢,., = 0, so p, is conserved.



