Time allowed - 3 hours.

Total number of questions - 5.

Total marks - 100.

Answer all questions.

The questions are not necessarily of equal value.

Answer Part 1 on Electromagnetism and Part 2
on the Standard Model in separate books.

All working must be shown.

Answers must be written in ink. Except where they are expressly
required, pencils may only be used for drawing, sketching or
graphical work.

This paper may be retained by the candidate



Part 1 Electromagnetism

QUESTION 1 (19 marks)

Consider a charge @ at rest in reference frame S a perpendicular distance y, from the
centre of a stationary cylinder ¢arrying a current density J =(J,,0,0) and with a static
uniform net charge density p=4kJ, where & is a constant. The cylinder is very long
and is of circular cross-section with radius R.

Reference frame S has rectangular axes parallel with S. Reference frame § is moving
with velocity v=wk relativé to § along the common x,%-axis. The magnitude of

velocity v of § is v=kc®. Assumethat v<<c so that the non-relativistic 3-force F
is equal to the relativistic 3-force #Z.

%

Two physicists, onein § and the otherin § know only Coulomb's Law and the force
law F =QF and relativistic mechanics,

(a) Using Coulomb's Law the physicistin S calculates that the non-relativistic 3-force

F on the charce ) due ta the sharoed avlindar ic



) Show that if another physicist in frame 5 also knows Ampere's Law and
calculates that the magnetic field B in § at the charge is

F=tol s
2ry,

where [ is the current in' § , and uses the Lorentz force law s/he obtains
the same result for F as in part (a)(iii).

QUESTION 2 (6 marks)

Determine whether g,,,,, the “metric coefficients” of Lorentz space, form the components of
a tensor of this space. You must show all working and Teasoning.
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QUESTION 3 (25 marks)

For a particle with charge ¢ and mass m moving with 4-velocity n* = 7, (¢c,u), and hence
4-momentum p* = mn*, moving in an applied electromagnetic field given by F** on the
data sheet, page 6, the Lorentz 4-force law is

F3
ko= B gpin, )

where 7 is the proper time variable for the charged particle.

(a) Show from equation (1) with x4 = 0 that the power absorbed by the particle is equal to
the rate of work done on it by the applied electric field

—=qE.u (2)

where the & is the relativistic energy of the charged particle, £ = y,mc.

(b) The covariant form for the total instantaneous power P.e] radiated by the charged
particle is

_ 12 ' dp, dp*
Frel = fre, 32 (7;:7;;" 8)
(i) By evaluating p“p,, show that
2/~ |pf® = m3e? 4

where p is the relativistic 3-momentum.

(ii) Differentiate equation (4) with respect to proper time and show that

o = = (5)
(iii) Hence show that
doudpt _dp dp (.«M) ©)

dr dr _ dr dr ¢ \ dr

Consider the charged particle being accelerated to relativistic speeds in a linear accelerator
where the only component of the momentum is in the direction & of the applied electric
field of magnitude F.
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Standard Model
Exam 2006

The two questions below have same value.
Question 4. Phenomenology.

a. Name all known leptons and quarks.
b. Present values for electric charges of leptons and quarks in the first

generation.
Hint: remember that the absolute value of the charge satisfies
1 2
=1, -, = 0.1
0k 15,5 ©1)

(in units of the electron charge).

Consider a naive, simplified physical picture for hadrons, in which they are presumed
to be constructed from a minimal possible number of quarks (“Lego-type” model).

c. How many quarks are necessary to build the proton p ? Name them.

d. How many quarks are necessary to construct a pion 7z~ ? Name them.
Hint: remember that the proton is a fermion and pion is a boson, and
that they are relatively light particles.

e. Draw simplest Feynman diagrams for the beta-decay of the muon

H —e +17E+vﬂ (0.2)
f. Indicate whether the parity is preserved or violated in reaction (0.2). Give
a brief physical reason to support your claim.

Question 5. Standard Model

Consider the Weinberg-Salam U(1)xSU(2) gauge theory of electro-weak
interactions.

a. How many gauge bosons are their in this model ?

Following the Weinberg-Salam theory presume that a scalar field (Higgs field), which
is transformed as a doublet under SU(2) (isospin 1/2) and is also transformed

nontrivially under U(1)) develops the vacuum expectation value



Hint: this question is closely related to b.

d. Consider a term in the Lagrangian, which describes interactions of leptons
(first generation) with gauge bosons of the SU(2) gauge group

it

s _ 83 (T aa
L —-zl(Ly" W zL) (0.5)

where L is a doublet of leptons

1%
L =( eJ, (0.6)
€

Extract from the Lagrangian (0.5) the terms, which are responsible for
interaction of leptons with charged bosons W* . Remember that
W, TiW;

2

and the Pauli matrixes in Eq.(0.5) read

le(o 1} 12=[9 —i], Ts:(l o] 08
1 0 i 0 0 -1

Hint: the necessary terms in the Lagrangian are proportional to either
the current (Ve Yy eL) or the current (EL YuV, )

W= (0.7)

e. Explain why an attempt to take the scalar field (Higgs field) as an
isovector (isospin 1, i. e. triplet under SU(2)), which develops the
vacuum expectation value

0

&..=|0 (0.9)
v

does not comply with experimental data,
Hint: the answer is related to
i. the family of gauge transformations, which leave the vacuum
expectation value in Eq.(0.9) unchanged
il. and the spectrum of masses of gauge bosons, which are
responsible for the weak interaction







Gradient operator V:é%+ﬁ%+z~%=(%’%,%)
Gradient of scalar field ¢ V¢ = % &+ g_ﬁ i+ g_ﬁ: 3
Divergence of vector field v V.o = %ﬂi + % + %ﬂ’zﬁ
& g 2
Curl of vector field v Vxv= 585 ?’% %

Second derivatives
Cartesian orthogonal coordinates

&2 i 92
2 e — — —
V= dx2 + dy? + 822
. 62¢ 62Q5 a2¢
T 9z + dy? + 822
Laplacian of vector field v V%0 = V?y, & + V20, § + V20, 2

Laplacian operator

Laplacian of scalar field ¢ Vig

Electromagnetism in 8 D Euclidean space and time

V.J—{—%:(}

T:q(E—f—uXB)

v.E="t
€
o8B
VXE—H—-EE-
V.B=1J]

v

8E
VxB= ,u,oJ-I—,wonE-
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PHYS4140 - Electromagnetism Data Sheet

E=-vy-9%4

ot
B=VxA

ild -
V.A= ~Ho€y 7 (Lorentz gauge condition)

v p
2y LAY
VIV = poco ot2 €n
84
VZA — Hpé€ ‘W = '—MGJ

0A

VoV — (Gauge transformation)

ot
A= A+VA

Cross product of 3 vectors in Euclidean space

& 9 2
AxB=|4, A, 4,
B. B, B,

Relation between 4 D coordinates in (flat) Lorentz spacetime
and 3 D Euclidean space and time coordinates

1

g = (2%, 21, 2%, 2%) = (ct, 2, ¥, 2)

Ty = (mU'l L1y &2, 2:3) = (_Ct: x, U, z)

Lorentz spacetime interval

ds? = dzdz,
Metric of 4 D Lorentz spacetime
Coeflicients

0 for pu#v
gpu=g”’”= —1 for p=v=>0
1 for u=v#0

Matrix notation

Page 2



Relation between covariant and contravariant components
of a 4-tensor in S in Lorentz spacetime

Implied summation notation
Hyy = 9up9uc H”
HE, = g\ H*>
H,Y = g HM
Matrix notation
[HW] = [gup] (H 'M]qucr]T
[H",) = [H*[g,2]T where T indicates transpose

[H,"] = [gu:][HM]

4
Covariant and contravariant components of 4-gradient operator in Lorentz spacetime

4-gradient operator

9 s (0 8 b a)
Azt~ T T\ 829 821’ 52’ Bx?
_{19 8 o ﬂ)
“ \edt’ 9z 8y’ 9z
Bmon (L 20 )
oz, dzo’ 021’ Ozo’ Oz
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PHYS4140 - Electromagnetism Data Sheet Page 4

Derivatives of a 4-vector field in Lorentz spacetime

First derivatives

gj: = g, A"

Zo

—3—(2—; = gm,é-(z—v or 0y = gu0”

5—2: = g"¥ 82” or ot = g3,
Second derivatives

ai,, g7 = 0

Scalar products of two 4-tensors in Lorentz spacetime (Centraction on two indices)
A" By, = Ap B* = tr { [AW]T[B“”]} where tr indicates trace

and T indicates transpose

Scalar product of two 4-vectors in Lorentz spacetime (Contraction on one index)

altb, = aub* = [a,]7 6] where T indicates transpose

Scalar product of a 4-vector and a 4-tensor in Lorentz spacetime {Contraction on one inde:
a*A,, =b,

[a*]T[A) =1{b,]  where Tindicates transpose

Derivatives of a 4-tensor field in Lorentz spacetime

aH#

Ec—t’— = 6VH'LW
iy

OHM oy v

ax..



4-force vector

4-energy-momentum vector

af = L Zin A ue)
dr ~ @ Ta

K=, ['"‘f , 93']

dt dt
P =mu
_ dp
F=%
£
p,u = [_1 p]
c
P =y.mu
£ = yyme?

4-charge-current density vector

JH = pont = [pC} pu] = [pe, J] = po')’u(c: u)

4-electromagnetic potential vector
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PHYS4140 - Electromagnetism Data Sheet Page 6

A 4-vector in Lorentz spacetime transforms from S to S as defined
previously according te

Implied summation notation

Matrix notation

where
Y —v8 00
z_| =8 v 00
AL = 0 0 10
0 0 0 1

is the Lorentz transformation matrix and v =1/4/1 =82 and S =» /e
A 4d-tensor in Lorentz spacetime transforms from S to § according to

Implied summation notation
AT _ ATE AV IrA
H" = A¥\ A HY
Matrix notation

[H*] = [AFA] [H )“’} [Avp]T where T indicates transpose
Covariant formulation of electromagnetism

0 Epfe Eyfc E,/c
- m/c 0 Bz —B.y
-E,/e -B, 0 B,
~E,/¢c By, -~B; 0
K" = qF*y,

0.J* =0

P =



