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Some useful formulae for Relativity

Special relativity

Proper time: (A7) = — (A3)2
Time dilation: At = yAT, where v = 711:! .‘
Lorentz contraction: =14
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Velocity composition law: w =

Lorentz transformations

For a frame moving with velocity v in the z direction: AZ =

Inverse: uAB — ‘

Lorentz 4-vectors

\

4-velocity: g =ﬁ%
0
U e (1, 0 0,0)
ﬁ—* (7, y0*, yv¥, yv?)
4-momentum: —mU —> (E, p*,p%,p%)

obs = =g ﬁobs

Tensor analysis in special relativity

Metric tensor: eg- €5 = 7ap
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Inverse: Waﬁﬂm = 5%
Covector: Ba = 1apB

Gradient:



Perfect fluids

4-vector flux:
Conservation of particles:

Stress-energy tensor: (T“ﬂ)

i.e. TP = (pp) e
Conservation of 4-momentum: T“ =1()

General relativity

Christoffel symbols: [, = 20°7 (Gap + Gapp — gﬁp. '__
I =1
af (e
Luas = 5 (Guap + Gupa _--gaﬁ.u) :
Covariant differentiation: Vg = Vg5 + gV
Parallel transport of vV along e U ﬁvg =)
Geodesic: £ (d“') Fﬁﬁ%%a =)
or m—‘rl = 30va,8P"P*
Reimann curvature tensor: Rﬁ'nu b 10, AR IDe T =
Raﬁ,uu == ng\Rﬁpu
Bianchi identities: Ropuix + Rapayw + Rapuau =0
Ricci tensor: Rap = Ryup
Ricci scalar: R = g"R,,
Einstein tensor: G = R"ﬁ — —g“ﬂR
Einstein field equations: G = 87T
Metric tensors | HUNN
Interval: i = gaﬁda:"‘da:ﬁ
Schwarzschild metric: ds? = — (1 - 3—?—) dt* +

Robertson-Walker metric: ds? = —dt? + R(t)? [ - =




Useful constants, units, and formulae:

Gravitational constant cl =
Speed of light o =
Planck constant hi=
Boltzmann constant [ =
Stefan-Boltzmann constant o) =
Solar mass My =
Solar radius Roi—
Earth mass Mg =
Equatorial radius of Earth Iy =
Mass of moon Wi =
Astronomical unit AR
Parsec ol —
Hubble’s constant o =
Distance modulus m— M
Apparent magnitude My — My

For small recession velocities v/c
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Question 1

(a) Prove that, in cylindrical co-ordin
two neighbouring points is

(b) The surface of a cone (see diagram) is then Sp%lﬁed _
straint :

r=2z

and hence show that the non-zero components of the met;
the cone in the co-ordinates (z,6) are gi; = 2 and gog = 72
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(¢) The only non-zero Christoffel symbols are ['j"a
the values of these symbols. Al




Question 2

(a) Explain, in general terms, how the geodesic equatio
the conserved components of a freely falling particle’s

(b) The Schwarzschild metric around a neutral non-rotating b ic
M is
2M

2M 7! i
ds® = — {1 — Tl dt* + [1 = TM] dr® 4 1% (d6* + si

Write down the non-zero components of the metric tensor. k
(c) Find the non-zero components of g,q 3.
(d) Find the conserved components of p,.

(e) Use the equation .
PP =—m?=ppa
to derive an equation of motion, for the metric given in this
freely falling particle, i.e. find (g—:)?, in terms of the other knows 1




Question 3

(a) Outline the simple pr&relabivistie ao
black holes might exist. Explain what the eu

= oT* from the surface of a black hole.
temperature of a black hole is

Using the two equations above, show how the rate
black hole depends on its mass. |

(c¢) Use the expression you derived above to obtain the 1

(d) Hence calculate the lifetime of a black hole which h:
of the Moon (see data sheet in this exam paper). =
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Question 4

This is “discuss”-type question, but equations are n
make a point in your answer clearer.

(a) What is the weak equivalance principle?

(b) What do you think motivated the introduction of the
principle? ‘

(c) What is the strong equivalence principle?

(d) Do Einstein’s field equations accommodate the strong equival
ple? If so, how?
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