PHYS3550 General Relativit;

Time allowed — 50 minutes.
Total number of questions — 2.
Answer both questions.

Both questions are of equal value.

Candidates must supply their own, university approved,

Answers must be written in ink. Except where they are e:

g

Candidates may keep this paper.



Some use

Special relativity |
Proper time: (Ar)2 = — (As
Time dilation: At = yA7, where
Lorentz contraction: ="t

Velocity composition law: w = {Tt&
Lorentz transformations
For a frame moving with velocity v in the z direction:

Inverse:

Lorentz 4-vectors

4-velocity: ﬁ _?
el s
T — (1 0 0,0)
—5}—_)( O )
4-momentum: mﬁ —+ (E,p®, p¥, p?) 5@

iy = 1Y ﬁoba

Tensor analysis in special relativity

Metric tensor: €a- €3 = Tag !.., %
= 0 1l

=i
0 1
Inverse: Nas’ = 0%
Covector: By = 1ap B’
Gradient: V¢ =do —> {¢,a = 3%%}

% = Vpo= ¢aU”




Perfect fluids

4-vector flux: ﬁ = nv
Conservation of particles: NS =0
p
St 3 o i
ress-energy tensor (T ) MHF P

p F 2
ie. T = (p+p)UUP + p®f
Conservation of 4-momentum: 7°° —

General relativity

Christoffel symbols: Iy, = %g“” (9o + Gou,8 — 9Busa) &
b =T N
Fuzﬂ =3 (Qm.a + Gup.a = o)

Covariant differentiation: g =Vg+TgV#

Parallel transport of V. along U A = 0

Geodesic: %( ) + T ?A_%’ 0 :

Reimann curvature tensor: Ry =150 B e oI PE“_ -
Rapu = gm\RBpu

Bianchi identities: Rag,_w,A ar Ramp,y + Raguryu =0

Ricci tensor: gaﬁ Wﬁpﬁ

Ricci scalar: g

Einstein tensor: 67 = R“ﬂ — 29%R :

Einstein field equations: Gof = 8n T

Schwarzschild radius: rs = 2GM/c?

Metric tensors
Interval: deti= _q(,t,gd!:r:':"d::,"3 .
Schwarzschild metric: ds? (1 2 M) de2 + (1 -
Robertson-Walker metric: ds? = —dt2 + R(t)? [__h,

Other things

Uncertainty Principle: Ap = h/r




Useful constants, units, and formula

Gravitational constant

Speed of light 28

Planck constant _~h = el
Boltzmann constant 7k = 3SR
Stefan-Boltzmann constant o =  bl6TEe A ;
Solar mass M, = 199 x 10

Solar radius Ro = 696 x 108

Earth mass My = 5980080
Equatorial radius of Earth Ry = 6.38 x 10°

Mass of moon Mooon = “7.3) SENI0Z ,
Astronomical unit AU = 1.5088<a0L
Parsec pc = 3.090 NI 0CHNNTH .
Hubble’s constant Hy, = 10 km s~ ]
Distance modulus m—M = 5logd—5 (dinp
Apparent magnitude my—m; = 2.5logl

For small recession velocities



Question 1

(b) Taking the radius r as fixed, deduce the components of the ;'metﬁ
ordinates (6, z) on the surface of a cylinder.

(¢) Find the Christoffel symbols in this co-ordinate system.

(d) Hence calculate the Riemann curvature tensor of the surface. Is the Rg.q.
you expect? Explain your answer.

Question 2

The total number of components in the Riemann curvature tensor Rqg,, is 4 x4 x4

The following identities can be derived using the metric components (you are no
derive them):

Raﬂp,u = _R,Ba,uu =i "Raﬂvp = {lyuvap

only 21.
Explain each step of your reasoning clearly and carefully.

(Hint: treat pairs of indices. Calculate how many independent choices of
first and the second pairs on Raguu-)



